Abstract. Let p be a prime and e be a positive integer. We completely explain the permutation binomials and trinomials arising from the reversed Dickson polynomials of the (k + 1)-th kind D n,k (1, x) over F p e when n = p l + 2, where l ∈ N.
Introduction
Let p be a prime and e be a positive integer. Let F p e be the finite field with p e elements. Let 0 ≤ k ≤ p − 1. A polynomial f ∈ F p e [x] is called a permutation polynomial (PP) of F p e if the associated mapping x → f (x) from F p e to F p e is a permutation of F p e .
The premutation behaviour of the n-th reversed Dickson polynomial of the first kind D n (a, x) and its properties were explored by the author of the present paper in [1] . It was shown in [1] that to discuss the permutation property of D n,k (a, x), one only has to consider a = 1. The cases n = p l , n = p l + 1, and n = p l + 2, where l ≥ 0 is an integer, were discussed in [1] . The first three cases were completely explained but the last one. We list the results of the last case obtained in [1] 
of F p e if and only if the binomial
x is a PP of F p e . This paper is a result of a question asked by Xiang-dong Hou. He asked the author (private communication) "when is the trinomial in result 4 a PP of F p e ?". This paper answers that question completely.
The paper is organized as follows.
In Section 2, we explain a family of permutation trinomials over F p e arising from the reversed Dickson polynomials when p > 3 is odd and k is an integer such that k = 0, 2, 4.
In Section 3, we explain a family of permutation binomials over F p e arising from the reversed Dickson polynomials when p = 3.
A family of permutation trinomials
Theorem 2.1. Let p > 3 be an odd prime and q = p e , where e is a non-negative integer. Let k be an integer such that k = 0, 2, 4 and 0 ≤ k ≤ p − 1. Let
Then f (x) is a PP of F q if and only if l = 0 and k = 3.
Proof. Assume l = 0 and k = 3.
Consider the following three cases. Case 1. l = 0 and k = 3 Case 2. l = 0 and k = 3 Case 3. l = 0 and k = 3 Now we claim that f (x) is not a PP of F p e in each case above. Case 1. Since l = 0 and k = 3, f (x) = 3, which is clearly not a PP of F p e . Case 2. Let l = 0 and k = 3. Then
is odd.
Clearly, f (x) is not a PP when
is odd. When
is even, we have p l + 1 ≡ 0 (mod 4) and hence p > 5. It is clear that
is even. Hence f (x) is not a PP of F p e in Case 2. Case 3. Let l = 0 and k = 3. Consider
Sub Case 3.1. l = (2n)e, where n ∈ Z + . Then we have
(mod x p e − x).
Since 2(k − 3)x ≡ k (mod p) has a non-zero solution, there exists a non-zero x ∈ F p such that f (0) = 0. Hence f (x) is not a PP of F p e .
(or by Hermite's criterion, f (x) is not a PP of F p e since the degree of f (x) > p e − 2). Sub Case 3.2. l = (2n)e, where n is a non-negative integer. Note that here we only need to consider 1 ≤ l ≤ 2e − 1 since
